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B2: Let T : R3 → R3 be a linear transformation. Given that

T

 1
1
1

 =

 1
0
−1

 , T

 0
1
1

 =

 1
−1
0

 , T

 1
0
1

 =

 1
−1
2

 ,

(a) [1 mark] Write the vector [1 0 0] as a linear combination of [1 1 1]
and [0 1 1].

(b) [3] Let B be the matrix representation of T . Find B.

(c) [1] Determine whether B is invertible using a determinant calcula-
tion.
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Test2 A

B2 (Solution)

(a) [1 mark] Write the vector [1 0 0] as a linear combination of [1 1 1] and [0 1 1].

We want to find scalars α1 and β1 such that

α1 [ 1 1 1 ] + β1 [ 0 1 1 ] = [ 1 0 0 ]

By inspection, we notice that α1 = 1 and β1 = −1 works.

(b) [3 marks] Let B be the matrix representation of T . Find B.

If B is the matrix representation of the transformation T , then

B =


...

...
...

T (−→e 1) T (−→e 2) T (−→e 3)
...

...
...

 ,

where −→e 1 =

1
0
0

, −→e 2 =

0
1
0

, and −→e 3 =

0
0
1

 are the standard basis vectors in three dimension.

Now, let us find the columns of matrix B. From (a), we already have

−→e 1 =

1
0
0

 = α1

1
1
1

+ β1

0
1
1

 , where α1 = 1, β1 = −1.

Therefore,

T (−→e 1) = T

1
0
0

 = T

α1

1
1
1

+ β1

0
1
1

 
Since the transformation is linear, we have

T (−→e 1) = T

1
0
0

 = α1 T

1
1
1

+ β1 T

0
1
1

 = α1

 1
0
−1

+ β1

 1
−1
0

 =

 1
0
−1

−
 1
−1
0

 =

 0
1
−1

 .
For the second column, we can also write −→e 2 as

−→e 2 =

0
1
0

 = α2

1
1
1

+ β2

1
0
1

 , where α2 = 1, β2 = −1.

Therefore,

T (−→e 2) = T

0
1
0

 = T

α2

1
1
1

+ β2

1
0
1

 
Since the transformation is linear, we have

T (−→e 2) = T

0
1
0

 = α2 T

1
1
1

+ β2 T

1
0
1

 = α2

 1
0
−1

+ β2

 1
−1
2

 =

 1
0
−1

−
 1
−1
2

 =

 0
1
−3

 .
Similarly, for the third column, we write

−→e 3 =

0
0
1

 = α3

1
1
1

+ β3

1
0
1

+ γ3

0
1
1

 , where α3 = −1, β3 = 1, & γ3 = 1.
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Therefore,

T (−→e 3) = T

0
0
1

 = T

α3

1
1
1

+ β3

1
0
1

+ γ3

0
1
1

 
Since the transformation is linear, we have

T (−→e 3) = T

0
0
1

 = α3 T

1
1
1

+ β3 T

1
0
1

+ γ3 T

0
1
1

 = α3

 1
0
−1

+ β3

 1
−1
2

+ γ3

 1
−1
0



T (−→e 3) = (−1) ×

 1
0
−1

+

 1
−1
2

+

 1
−1
0

 =

 1
−2
3

 .
Thus,

B =


...

...
...

T (−→e 1) T (−→e 2) T (−→e 3)
...

...
...

 =

 0 0 1
1 1 −2
−1 −3 3

 .

(c) [1 marks] Determine whether B is invertible using determinant calculation.

B =

∣∣∣∣∣∣
0 0 1
1 1 −2
−1 −3 3

∣∣∣∣∣∣ = −2

Since det(B) 6= 0, B is invertible.
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B3: Let T1 : R2 → R2 be the transformation that reflects a vector across the
line y = x, and let T2 : R2 → R2 be the transformation that rotates a
vector 45◦ counter-clockwise.

(a) [1 mark] Write a matrix R1 such that T1(x) = R1x for any x ∈ R2.

(b) [1] Write a matrix R2 such that T2(x) = R2x for any x ∈ R2.

(c) [1] Suppose T3 = T1 ◦ T2. That is, T3 is the transformation that
takes an input vector in R2, rotates it counter-clockwise, then
reflects it. Find a matrix R3 such that T3(x) = R3x for any
x ∈ R2.

(d) [2] Find a nonzero vector x in R2 such that T1(x) = T2(x), or show
with a calculation that none exists.
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Midterm Exam II question B3, Version A

Answers:

(a) R1 =

[
0 1
1 0

]
(b) R2 =

[
1√
2
− 1√

2
1√
2

1√
2

]

(c) R2 =

[
1√
2

1√
2

1√
2
− 1√

2

]
(d) The coordinates of such vector would satisfy the following system of equations:

x2 =
1√
2
x1 − 1√

2
x2,

x1 =
1√
2
x1 +

1√
2
x2.

From here, by adding the two equations together, we get the equation x1 + x2 =√
2x1. For the set of solutions we can choose x1 or x2 as a free variable. If we set

x1 = s then x2 = (
√
2− 1)s.

One possible vector is ~x =

[
1√
2− 1

]
.

If we set x2 = t then x1 = (
√
2 + 1)t, so ~x =

[√
2 + 1
1

]
is another possible solution.
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