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Abstract

We derive and numerically implement various asymptotic approximations for the lowest or principal eigenvalue
of the Laplacian with a periodic arrangement of localized traps of small O(e) spatial extent that are centered at the
lattice points of an arbitrary Bravais lattice in R%. The expansion of this principal eigenvalue proceeds in powers
of v = —1/log(ed.), where d. is the logarithmic capacitance of the trap set. An explicit three-term approximation
for this principal eigenvalue is derived using strong localized perturbation theory, with the coefficients in this
series evaluated numerically by using an explicit formula for the source-neutral periodic Green’s function and its
regular part. Moreover, a transcendental equation for an improved approximation to the principal eigenvalue, which
effectively sums all the logarithmic terms in powers of v, is derived in terms of the regular part of the periodic
Helmholtz Green’s function. By using an Ewald summation technique to first obtain a rapidly converging infinite
series representation for this regular part, a simple Newton iteration scheme on the transcendental equation is
implemented to numerically evaluate the improved “log-summed” approximation to the principal eigenvalue. From
a numerical computation of the PDE eigenvalue problem defined on the fundamental Wigner-Seitz cell for the
lattice, it is shown that the three-term asymptotic approximation for the principal eigenvalue agrees well with the
numerical result only for a rather small trap radius. In contrast, the log-summed asymptotic result provides a very
close approximation to the principal eigenvalue even when the trap radius is only moderately small. For a circular
trap, the first few transcendental correction terms that further improves the log-summed approximation for the
principal eigenvalue are derived. Finally, it is shown numerically that, among all Bravais lattices with a fixed area
of the primitive cell, the principal eigenvalue is maximized for a regular hexagonal arrangement of traps.
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1 Introduction

For many elliptic and biharmonic problems in two spatial dimensions (2-D) with localized defects, such as perforations
or obstacles, it is often challenging to provide accurate approximate solutions in the singularly perturbed limit ¢ — 0 of
a small defect size. Examples of such problems include eigenvalue problems for the Laplacian or Biharmonic operator
in 2-D domains with small holes (cf. [20], [29], [13], [16], [14]), the calculation of the maximum voltage drop on a 2-D
lattice of small circular power pads (cf. [1], [4]), the study of Faraday screening of electromagentic waves due to a wire
mesh (cf. [5]), the determination of the mean first passage time for Brownian motion in 2-D domains with small traps
(cf. [25], [22], [15], [27], [L7], [3], [12]), and the analysis of Bloch waves in acoustics and electromagnetics for a 2-D

lattice of small circular Dirichlet scatterers (cf. [24]), among others.

*Dept. of Mathematics, UBC, Vancouver, Canada. paquinl@math.ubc.ca
TDept. of Mathematics, UBC, Vancouver, Canada. iyaniwura@math.ubc.ca
tDept. of Mathematics, UBC, Vancouver, Canada. (corresponding author ward@math.ubc.ca)



The primary difficulty with analyzing the effect of localized defects for many of these problems arises from the
logarithmic singularity of the 2-D free-space Green’s function. This weak singularity, as opposed to the stronger 1/r
type singularity in 3-D, typically leads to an asymptotic expansion of the solution in powers of the logarithmic gauge
v =0(—1/loge). Owing to the slow convergence, unless ¢ is extremely small, of approximate solutions that involve
a series in powers of this logarithmic gauge, in order to obtain an approximate solution with good accuracy one must

either calculate many terms in this series or, preferably, sum the entire infinite logarithmic series.

/.

Figure 1: Left figure: part of an infinite reqular hexagonal lattice showing the lattice vectors. The traps are centered at the
lattice points. Right panel: Wigner Seitz (WS), or Voronos, cells for an oblique Bravais lattice of circular traps (blue dots) of a
common radius €. The fundamental WS (FWS) cell Q of unit area is centered at the origin and contains the black trap. The
lattice vectors are I = (1/+/5in(0),0)T and lo = (cos(0)/~/sin(0), \/sin(9))” with @ = 7/5. The circular traps can be replaced
by a trap cluster of measure O(g).

In this broad context, the specific goal of this paper is to derive and implement various asymptotic approximations
for the lowest or principal eigenvalue of the Laplacian with a periodic arrangement of localized traps centered at the
lattice points of an arbitrary Bravais lattice in R2. The implementation of our singular perturbation analysis will
rely heavily on explicit analytical formulae for certain Green’s functions with singularities at the lattice points. More
specifically, we consider a spatially periodic array of traps in R? where either a single trap or a trap cluster of small

O(e) measure is centered at the lattice points of an oblique Bravais lattice A defined by
A= {mll—f—nlg’ m, neZ}, (1.1)

where Z denotes the set of integers. The Wigner-Seitz (WS) cell centered at a fixed I € A is the set of all points in
the plane that are closer to I than to any other lattice point. The fundamental Wigner-Seitz (FWS) cell € is the one
centered at the origin (see the right panel of Fig. 1 with the black trap). A WS cell is a convex polygon that has the
same area |l x I3| of the primitive cell, and the union of these WS cells tile all of R?. We will choose the lengthscale
so that the area of the primitive cell is fixed at unity. For a particular oblique lattice, in the right panel of Fig. 1 we
show the WS cells with a single circular trap (blue disk) of radius ¢ centered at each lattice point, and the FWS cell
Q centered at the origin (black disk). In the left panel of Fig. 1 we show the lattice vectors for a hexagonal lattice.
In the limit € — 0 of small trap measure we will calculate the principal eigenvalue of the Laplacian where a common

trap cluster is centered at the lattice points of (1.1). This problem can be reduced to an eigenvalue problem on the



FWS cell Q of unit area, and is formulated as

AD+AD =0, zecOW\Q; TP, zcdQ, (1.2a)

d=0, €I, ; / P’ dr =1. (1.2b)
Q\Q.

Here Q. denotes a possibly multiply connected trap cluster of measure O(g) centered at the origin 0 € Q. In (1.2a)
the operator P denotes periodic boundary conditions on 92 (see (A.7) of Appendix A for a precise formulation).

The challenge in providing a good approximation for the principal eigenvalue of (1.2), even when the trap size
¢ is only moderately small, is that the term-by-term asymptotic expansion of this eigenvalue proceeds in powers of

= —1/log(ed.), where d. is the logarithmic capacitance of the the trap set.

By exploiting the analytical result of [6] for the periodic source-neutral Green’s function and its regular part, in
Principal Result 1 of §2 a new explicit three-term expansion in powers of v for the principal eigenvalue of (1.2) is
derived. The third term in this expansion is shown to depend on an integral of this periodic Green’s function over the
FWS cell of the lattice. From a numerical quadrature of this term, we show that the principal eigenvalue is maximized,
over the class of Bravais lattices, for a regular hexagonal lattice. In §3 we formulate a transcendental equation that
provides an improved approximation to this principal eigenvalue, and which is defined in terms of the regular part
of a periodic Helmholtz Green’s function. This “log-summed” approximation effectively sums all of the logarithmic
corrections in powers of v in the asymptotic approximation for the principal eigenvalue of (1.2). By extending the
methodology of [2], in Principal Result 2 of §3 we derive a new computationally tractable representation for the regular
part of the Helmholtz Green’s function, which involves two rapidly converging lattice sums. In this way, in §3.1 we
provide numerical results, based on a simple Newton iteration scheme applied to the transcendental equation (3.7),
for the log-summed approximation to the principal eigenvalue of (1.2) for an arbitrary Bravais lattice. For the case
of a circular trap of radius ¢, in Principal Result 3 of §4 a more refined approximation to the principal eigenvalue is
obtained, which is based on calculating the first few transcendentally small terms in its asymptotic expansion that are
smaller than any power of v.

In §4.1, we compare our various asymptotic approximations for the principal eigenvalue with corresponding full
numerical results for (1.2) that are computed from FlexPDE [3] for both a square and a regular hexagonal lattice. These
comparisons show that, although the three-term approximation in Principal Result 1 provides a decent approximation
to the principal eigenvalue when ¢ is rather small, the log-summed approximation based on a Newton iteration scheme
applied to (3.7) provides a much closer approximation when ¢ is only moderately small. For a square lattice with a
circular trap at each lattice point, our three-term asymptotic result for the principal eigenvalue of (1.2) is shown to
agree with that derived previously in [25] using a pseudo-potential approximation combined with a numerical evaluation
of certain discrete lattice sums.

We emphasize that the transcendental equation (3.7) and its numerical implementation applies not just for a
circular trap, but also for an arbitrarily-shaped trap or for a cluster of traps, as characterized by the logarithmic
capacitance d. of the trap set. For a trap cluster consisting of a collection of non-overlapping circular disks, in §4.2
we show how to numerically compute d. to a high degree of accuracy by using a series-based approach inspired by the
methodology in [26] (see also [11]). This approach is illustrated for a two-disk cluster, where an analytical solution is

available for comparison, as well as for a three-disk cluster. Finally, a brief discussion is given in §5.



2 Asymptotics of the principal eigenvalue

The term-by-term asymptotic analysis for the principal eigenvalue of (1.2) as € — 0 relies on the periodic source-neutral

Green’s function G (x) with regular part R,, defined uniquely by
—dx), z€Q; Gp,eP, zecoi; /Gpd:z;:O, (2.1a)
Q

1 z|?
G’p:f%log|m|+Rp+|T+0(|z|2), as x—0. (2.1b)

Since Q has two lines of symmetry that intersect at the origin, the usual gradient term V;G,|z=0 - & is absent in the
local behavior (2.1b).

In [6] an explicit formula for G,(z) and R, was derived in their analysis of droplet patterns in diblock copolymer
theory. In their analysis, a point x is represented as a complex number z = x 4 iy and the Bravais lattice was written
equivalently in terms of generators « € C and § € C as A = {ma + nﬁ‘ m, n € Z}. By setting Im(5/a) > 0 and
Im(afB) = 1, the area of primitive cell was fixed to unity. In terms of these generators, it was derived in [6] that

Gp(z) =Im <|z|2_dz_2/a -2 ﬂ)
2B —af) 2a 12a

g (1-e (2)) xﬁ (1_e<nﬁa+Z>) <1_e(n5a—z>>

where e(w) = *™. Here the overbar denotes complex conjugate. In terms of ¢ = 3/«, the regular part R, of G,, is

(2.2a)

b

R, = —% log(27) — %bg Wme (é) f[l (1 —e(nQ))? ‘ : (2.2b)

Our three-term asymptotic result for the principal eigenvalue of (1.2), defined in terms of G, and R, is as follows:
Principal Result 1 For ¢ — 0, the principal eigenvalue Ao for (1.2) for an arbitrary oblique Bravais lattice is
Ao = vAgo + V2 ho1 + 3 Ao2 + O(v?), (2.3a)
where the coefficients are given in terms of R, and G, in (2.2) by
oo = 27, o1 = —47°R,, o2 = 873 [Rﬁ — /Q G2 m} . (2.3b)

In (2.3a), v = —1/log(ed.), where d. is the logarithmic capacitance of the re-scaled trap cluster Qo = e~ 1Q., which is
defined in terms of the local coordinate y = e~ 'x by the canonical inner problem

Ayvc:O7 y¢907 ’UCZO, yeaQOa
Dy
[yl

(2.4)

ve ~ logly| —logd. + +--, as |y = o0,

To derive (2.3) we use the framework of strong localized perturbation theory for 2-D singular perturbation problems,
as introduced in [30] and surveyed in [28]. In the outer region, defined for |z| > O(e), we substitute the eigenvalue

expansion (2.3a), together with the outer expansion

O =Py +vP; + 12Dy +13Dg + - - -, (2.5)



into (1.2), and then collect powers of v. At leading order we get A®y = 0 in Q with &5 € P on dQ and [, jdr =1,
so that ®y = 1. At order O(v*) for k = 1,2,3, we obtain, respectively, that

AdP, = —Xoo®o, x€ Q\{O}, P, eP, xe 89, (26&)
Ady = —XgoP; — Mo1Po, z€ Q\{O}, P,eP, xe€ o0, (26b)
Adz = —XgoP2 — Xo1P1 — Ao2®o, = € Q\{0}; P3P, xei, (2.6¢)

which are subject to the normalization conditions

1
/(I)O(I)l d/.’B:O7 /@0@2(1.’17:—5/ (I)%d.’l,‘, /(I)o(Pgde:—/ @1@26[.’17. (26d)
Q Q Q Q Q

In the inner region near the trap cluster ). centered at x = 0 we introduce the inner variables
y=c 'z, v(y) = O(ey) . (2.7)
We then expand the inner solution in terms of undetermined coefficients A; for ¢ > 1, which are independent of v, as
v(y) = (v+ A + At + At + -+ ) ue(y) + O(o(e)), (2.8)

where o(g) < v* for any k > 1. Here v = —1/log(ed,.) and v, satisfies the canonical inner problem (2.4), which defines
the logarithmic capacitance d. of the trap cluster. Upon using the far-field behavior of v, in (2.8), and writing the

resulting expression in outer variables, we obtain that the outer solution must satisfy
® =1+v(loglz|+ A)) + 2 (A log|z| + Ap) + v (Aslog |z| + A3) +--- + O(ev,0), as = —0. (2.9)

Upon comparing (2.9) with (2.5) at each order in v, we conclude that the problems in (2.6) must satisfy the following

singularity conditions as & — 0:
(I)lNIOgL’B‘-f—Al, (I>2NA110g|.’B‘+A2, (I)gNAQIOg|Z|+A3 (210)
From (2.6a) and (2.10), the problem for &, with ®; = 1, can be written in terms of the Dirac distribution as
A(I)lz—)\oo—‘rQﬂ'(S(fE), T e, b, eP, ze€0,
. (2.11)
A = lim (P; — loglz|) ; /<I>1d:1;:0.
z—0 o)

By using the divergence theorem, together with the periodic boundary conditions and || = 1, we deduce that Agg = 27.
Then, by comparing (2.11) with (2.1), we identify that

(I)l = —27TGP(.’L‘), A1 = —27TRp, (212)

where G, is the periodic source-neutral Green’s function with regular part R,, as given explicitly in (2.2).
At order O(v?), we obtain from (2.6b) and (2.10) that @, satisfies
A¢2:7A00®17A01+27TA15($), .’EEQ; @2 GP, $€aﬂ,

. 1 [ (2.13)
A2: lim (@27A110g|$|) 3 / égd‘f:**/ (I)ldill
20 Q 2 Ja



By using the divergence theorem together with the periodic boundary conditions we get that
— oo /Q Dy dx — M1 | +27A4; =0.
Since |Q| =1 and [, ®; dz = 0, we conclude that
Ao1 =2mA;, where A; =-27R,. (2.14)
Next, we decompose the solution to (2.13) as
By = —27 A1 G, (x) + 2T A0 P2y (x) = 47° R, G (x) + 4T Doy (T) . (2.15)
Upon substituting (2.15) into (2.13), and using (2.12) for ®;, we obtain after some algebra that ®o, satisfies

1
APy =Gy(x), TEQ; Py eP, z€IQ; /Q<I’2pdx:—§ QGf,dz,

(2.16)
1
— A2 T 2 . L
Ay =4r al:li% Qo () + 4w Rp:lli% (Gp(:v) + o log |m|> .
Since @), is bounded as £ — 0, we calculate by using the local behavior for G, in (2.1b) that
Ay =47* [R2 + ®5,(0)] . (2.17)
Next, at order O(v?), we obtain from (2.6) and (2.10) that ®3 satisfies
AdPs = —XgoP2 — Ag1P1 — A2 + 27TA25($) , TE Q, P3P, xe on0. (218)
From the divergence theorem and the periodic boundary conditions, and by using |©2] = 1 and fQ P, dx = 0, we
calculate g2 as
1
Aoz = 2 Ay — )\00/ dydr,  where / By, dx = —5/ 2 dx . (2.19)
Q Q Q
Then, upon using Agg = 27, and &1 = —27G,(x), we obtain
1
Aoz = 87° (Rf, + @5,(0) + 5 / G, (x)]? dx) , (2.20)
Q

where ®5,(0) is to be calculated from the PDE (2.16).

Finally, we show that ®,(0) can be evaluated without having to solve the PDE (2.16). By using Green’s second
identity on (2.16) and (2.1), we obtain from the periodic boundary conditions that [, G, A®y, dx = [, P2, AG), dz.
Since || = 1, this yields that [, GZdx = —®5,(0) + [, Popdz. By using (2.16) for [, P2y de, this yields that
D2,(0) = —(3/2) J, [Gp]de. By substituting this expression into (2.20), we obtain the result for Ag2, as given in
(2.3b). This complete the derivation of Principal Result 1.

The three-term asymptotic expansion (2.3) for the principal eigenvalue Ag of (1.2) depends only on the periodic
source-neutral Green’s function and its regular part, as given explicitly in (2.2). The integral fQ G127 dz in the second
order coefficient A9y can be calculated numerically from the routine intpoly in MATLAB [18]. This routine is ideally

suited for performing a quadrature over the polygonal-shaped FWS cell.



For a Bravais lattice with unit area of the primitive cell, it was proved in Theorem 2 of [6] that R, in (2.2b) is
minimized for a regular hexagonal lattice. As such, within this comparison group, we conclude that the leading order
eigenvalue correction \gp in (2.3) is maximized for a hexagonal lattice.

We will illustrate (2.3) for the one-parameter family of lattices A with generators

I, = (1/4/sin(6),0)", Iy = (cos(0)/+/sin(f), \/sin(9))” (2.21)
For this class we have |I;| = |I3| and it corresponds to setting o = 1/+/sinf and 8 = ae?® in (2.2b). This yields that

1 1 ; wie/6 T1 2min€)2
Rp:——ln(Zﬂ')—%ln’\/smee ¢/ };[1(1—6 5)

. E=¢". (2.22)
2

For a hexagonal and square lattice where 8 = 7/3 and 6 = 7/2, we calculate that R, ~ —0.210262 and R, =~ —0.208578,
respectively.

In Fig. 2 we plot the numerically computed coefficients A1 and Ag2, given in (2.3b), for oblique Bravais lattices
with generators given in (2.21). As expected, Ag; is maximized for the hexagonal lattice where A\g; = 7/3. As a
check on the quadrature of fQ Gf) dzx using intpoly in MATLAB [18], we equivalently performed the integration over
the primitive cell Qy = {z|z =sa+t8, 0 < s,t <1} in that

1 1
/ (Go(2)dx = | [Gp(2)]? da = / / (G (s +tB)] Tm(ap) ds dt (2.23)
Q (o) 0 0

where Im(af) = 1. The integration in (2.23) over the square 0 < s <1 and 0 <t < 1 was performed with a product
of Gauss-Legendre rules with 255 x 255 subdivisions. Although, there are mild logarithmic singularities of G, at each
of the four corners of this square that affect the accuracy of the quadrature, as a check on the numerical procedure we

verified that | fQo Gpdz| < 10719, In particular, for the hexagonal and square lattices we calculate that

8.2343)v”% + (9.8321)13 + - - -
VP )”2 *+( v A (square) (2.24)
(8.3008)v% + (10.0459)v° + -- -, (hexagon).
12
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Figure 2: Plot of the coefficients Ao1 and Aoz in the eigenvalue expansion (2.3) versus the angle 6 (degrees) for an oblique Bravais

lattice with generators Iy = (1/+/sin(0),0)” and la = (cos(0)/+/sin(0), \/sin(8))”. The mazimum of o1 occurs for the hexagon
0=m/3.

In [25] the method of pseudo-potentials combined with a separation of variables approach was used to derive a

three-term expansion for the fundamental eigenvalue on a square or triangular lattice that contains a circular trap of



radius e centered at the lattice points. For a square lattice of unit area of the primitive cell, [25] obtained that

AO—)\OtNQW[lJraqur(a§—7€;>y2+..} , (2.25)

where o =~ 1.310529 and 8; =~ 1.506703 were obtained from a numerical evaluation of certain discrete lattice sums.
This result for the square lattice agrees with that in (2.24). Our three-term result (2.3) in Principal Result 1 extends
this previous result to arbitrary 2-D Bravais lattices and to allow for non-circular trap geometries or a cluster of traps,

as characterized by the logartihmic capacitance.

3 Summing the asymptotic expansion for the principal eigenvalue

In this section we derive a nonlinear transcendental equation that effectively sums the entire infinite logarithmic

expansion for the principal eigenvalue Ay of (1.2). To do so we write the inner solution (2.8) as

y=c 'z, v(y) = P(ey), (3.1)

where
v(y) = A(w)ve(y) + O(03), v=-1/log(ed,), (3.2)

and o; < v* for any k > 1. In addition, the eigenvalue and outer solution are expanded as
)\0 = )\03(1/) + O(Uo) 5 b= @03(.’17; V) + O(Jo) s (33)

where oy < V¥ for any k > 1. By using the far-field behavior of v.(y) from (2.4) in (3.2) to match to the outer solution
we obtain that \gs and @, satisfy
Adgs + AosPos =0, € Q\{0}; Qo € P, =z, (3.4a)
A
@03:A10g|z|+;+0(1), as ¢ —0; /@gsdle. (3.4b)
Q
Since the local behavior in (3.4b) specifies the regular part of the singularity condition, this constraint effectively

determines an equation for Ags.

The solution to (3.4) that has the correct singularity as £ — 0, and which satisfies fQ @2, dx = 1, is simply

—1/2
®o, = —2rAGx(z),  where A= % [ /Q (G (z))? dz} , (3.5)

where G (z) is the periodic Helmholtz Green’s function, with regular part Ry, defined on the FWS cell Q by
AG\+XsGr = —6(z), 2z€Q; GreP, ze€i, (3.6a)

1
Ga = —5-logla| + Ry + Ozl log e}, as @ 0. (3.6b)
™

Once again, since 2 has two lines of symmetry that intersect at the origin, the usual gradient term VzGj|z=0 - & is
absent in the local behavior (3.6b).



To derive the eigenvalue relation that will determine Ags we let £ — 0 in (3.5) and equate the regular part of this
expression with that in (3.4b), which yields —2rAR) = A/v. In this way, we obtain that Ags is given by the smallest
positive root of the transcendental equation

1 1

Ry=—— h =—— 3.7
A 2nv’ where v log(ed,.)’ (87)

where R) depends on \gs from the solution to (3.6).
The key to numerically implementing a root-finding condition on (3.7) for Ags = Aos(v) is to derive a computa-
tionally tractable explicit formula for Ry that can be used for an arbitrary Bravais lattice. The challenge is that it is
well-known that standard Fourier transform methods yield very slowly converging infinite series representations, which
are not well-suited for computations. To derive an alternative rapidly converging representation for Ry, in Appendix
B we first summarize the methodology of [2], which is based on the Poisson summation formula. This approach of [2]

yields the explicit result
o~ (4m%1d]*=os ) /n?

47T2|d‘2 - )\Os

Gi(x) =
de A~

T4 g (fal) + Y Fang( 1), (3.50)
leA
140
valid for \os # 4n2|d|? for any d € A*. Here Fng(r) is defined by
1 oo

= o

7'2 s —zs8
Fsing(r) e 4 e +Aose”? ds. (38b)

logn

In (3.8a), A* is the dual lattice to A, which is defined in terms of reciprocal lattice vectors d; and dy by
A= {mdl + nds ‘ m,n e Z} R with d; 'lj = (Sij , (39)

where 0;; is the Kronecker symbol. In (3.8), n > 0 is a user-defined Ewald cut-off parameter that is chosen so that the
infinite sums over the lattice and dual lattice both converge rapidly.

Next, we take the limit £ — 0 in (3.8) so as to identify that Ry in (3.6b) is given by

. 1
Ry = .}:lg%) (G,\(x) + o log |.’1:|> . (3.10)

As is evident from (3.8), the logarithmic singularity for Gx(z) as x — 0 arises from the Fyng(|z]) term in (3.8b), owing

to the fact that the integrand defining Fyng(0) is not integrable. Our result for Ry is as follows:

Principal Result 2 The regular part Ry, as defined by (3.10), is given by

o (47 1dI* —Xos ) /0?
4r2|d|? — Ao + Freg + Z Fang (1)), (3.11a)

leA
140

Ry =
deAr

which is valid for \os # 4n?|d|? for any d € A*. Here Fyreq is given explicitly by

1 Xos/n” (s _ 1
Freg = — <10g4—78—210gn+/ (e)ds) , (3.11b)
ar 0 s
where . is Euler’s constant, while Fing(r) for r > 0 is given alternatively by
& —r+Xos/(n°€) 2.2
Fang(r) = / ef(gfl)ﬁg(f) dg, where g(§) = 67, with k= nr (3.11c)
1 A€ 4



To derive (3.11), we must isolate the singularity behavior as r — 0 from Fing(r), as given in (3.8b), by using
asymptotics techniques for extracting global contributions from integrals (see chapter 3 of [9]). In (3.8b) we begin by

introducing the new variable ¢ by

1 1
s:filogTQJrilogt, (3.12)
so that Fiing(r) in (3.8b) becomes
1 & 2
Fsing(r) - - / tileit/4€>\osr /t dt. (313)
47T n2r2

Then, by setting ¢ = ?r2¢ in (3.13) we derive the alternative expression (3.11c) for Fiing(r).
The singular behavior in (3.13) as r — 0 occurs from the lower endpoint in (3.13). To isolate this behavior we
introduce the intermediate scale 6 for which n?r?2 <« § < 1, so that

1 g 2 1 o0 2
Fline (1) = — t~ ettt g 4 — t= et/ 4erosm /gt 3.14
5(r) 4m /,,Izrz cc * am Js ©c (3.14)

In the first integral in (3.14) we can use e~*/* ~ 1 since n?r? < t < § satisfies t < 1. For the second integral, where
t > 68, we have ¢*o:""/t ~ 1 since 7?/§ < 1. In this way, for r — 0 and 1?r? < § < 1, we obtain that (3.14) becomes
1 /9
Fling(r) ~ 7/ tleror b gt By (5/4) (3.15)
4 n2r2
where B (w) = f:o t~le~tdt for w > 0 is the exponential integral. Upon using the well-known asymptotics E(w) ~

—logw — 7y, for w — 0T, where v, is Euler’s constant, we obtain that

Fuing(r) = i /njrz p=Terosr?/t gy 4 i (log4d — v, —logd) + o(1). (3.16)
To estimate the integral in (3.16) we introduce a new variable ¢ = n?r2¢ while adding and subtracting a common term
to get
RS (e*OS/O7 6 1) L sl )
Fying(r) = E/l fderﬂ/l gd£+ﬂ(log4f'ye —logd) +o(1). (3.17)

The first integral on the right hand side of (3.17) is finite as the upper endpoint tends to infinity, i.e. since § > O(r?),
while the second integral can be evaluated explicitly. This yields that

. (eAOS/ng) _ 1) . 5 .
Fyn = — -—d —1 — (log4 — v, — log d 1). 1
(=5 [ e tog () 4 4 logd = 5~ logd) +of1) (318)

In this way, we obtain after cancelling logd terms that

1
Fiing(r) = o logr + Freg +0(1), as r—0, (3.19a)

where Freg is given by

1 1 oo (erS/(nzf) _ 1)
Freg = 5(1034_7e _210g77)+*/ d€ . (3.19b)
1

4 ¢

Finally, upon setting s = X\gs/(n?€) in the integral in (3.19b), we obtain that (3.19b) reduces to the expression for

Freg given in (3.11b). Finally, upon using (3.19) in (3.8), we obtain (3.11) from the limiting process in (3.10). This
completes the derivation of Principal Result 2.

In Appendix C we provide a different derivation of the limiting behavior (3.19) for Fying(r) as  — 0. In addition,

we provide an alternative integral representation for Fing(r), valid for r > 0, than that given in (3.11c)
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3.1 Numerical Results

To determine A\gs = Ags(v) we use Newton’s method on (3.7), where the regular part is given in (3.11). The initial
guess for the Newton iteration scheme is given by the three-term asymptotic result (2.3) and a numerical Jacobian
was used. To approximate the sums over the infinite lattice, we introduce truncations A and A* of the direct and

reciprocal lattices A and A*, respectively, which are defined in terms of M; > 0 and My > 0 by
A= {mh + nly | —M; <m,n < Ml} , A*= {md1 + nds | —Ms; <m,n < Mg} , m,nez. (3.20)

For our computations the Ewald parameter was chosen as n = 2.5, while M; and M5 were selected so that the absolute
value of the increment obtained by increasing M; and My by one in the two lattice sums in (3.11a) are each less than
1078, This truncation criteria yielded (roughly) that M; = 4 and M, = 3. To numerically evaluate Fing(r) in (3.11c),
we used a Gauss-Laguerre quadrature with N, = 200 nodes. In addition, the integral in (3.11b) that has a removable

singularity at » = 0 was evaluated to high precision using a Gauss-Legendre quadrature.

4 4

Figure 3: The asymptotic result Aos computed from (3.7), which is accurate to all orders in v, is compared with the two-term Aar
and three-term Asr result, as obtained from (2.3), for a circular trap of radius €. As the trap radius increases, the three-term
result deviates from Aos. Left panel: square lattice. Right panel: hexagonal lattice. The results are very similar for both lattices.

For a square and hexagonal lattice with a circular trap of radius € centered at the lattice points, for which d. = 1,
in Fig. 3 we compare the numerically-computed result for Ags with the two-term and three-term asymptotic result,
as obtained from (2.3), as ¢ is varied. Although the three-term result is seen to provide a decent approximation for
¢ small, the improved result A\gs, which effectively sums all the logarithmic correction terms, provides a significantly
better approximation to Ay at moderate values of €.

In Fig. 4 we fix the circular trap radius at ¢ = 0.02 (left panel) and at € = 0.05 (right panel) and we compare
Aos, as computed from (3.7), with the two-term and three-term asymptotic results of (2.3) for a one-parameter sweep
through the class of Bravais lattices with generators I; = (1/4/sin(#),0)T and Iy = (cos(#)/1/sin(6), \/sin(6))” on the
range 7/10 < 6 < 7/2. From this figure, we observe that Ags, and not just the two-term expansion, is maximized for
a hexagonal lattice.

The results shown in Fig. 3 and Fig. 4 for a circular trap of radius e also apply to a trap of arbitrary shape by
simply relabeling the horizontal axes in these figures by ed.. The logarithmic capacitance d. for g, as defined by the
canonical problem (2.4), depends on the shape of Qy but is invariant under rotations of Q. In Table 1, numerical
values for d. are given for various specific trap shapes € (cf. [23]). For a general trap shape, a boundary integral

numerical method, such as described in [7], can be used to numerically compute d..
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Figure 4: For a circular trap of radii € = 0.02 (left panel) and € = 0.05 (right panel), the asymptotic result Aos, computed from
(3.7), is compared with the two and three-term asymptotic results, as obtamed from (,2 3) for a one parameter sweep through the

class of Bravais lattices with generators i = (1/4/sin(0),0)T and lz = (cos(#)/+/sin(8), \/sin(0))T on the range 7/10 < § < 7 /2.
We observe that Aos is mazximized for the hexagonal lattice with /3.

Shape of Qg =71, Logarithmic capacitance d.
circle, radius a d.=a
ellipse, semi-axes a, b d. = “T'H’
equilateral triangle, sidelength h d. = 85) ~ 0.422h
isosceles right triangle, short side h d. = 332/:1/1;7(%/)2 ~ 0.476h
square, sidelength h d. = ( ) =~ 0.5902h

Table 1: The logarithmic capacitance d. for some cross-sectional shapes of Qo = e 1Q..

4 Transcendentally small effects

In this section, we determine transcendentally small corrections in the asymptotic approximation of the principal
eigenvalue g for (1.2). For a general trap shape g, the dipole term in the canonical inner problem (2.4) determines
that the correction term for the eigenfunction in the outer region is O(€). As such, we expand the principal eigenvalue

and its corresponding eigenfunction in the outer region as
Ao~ Aos(V) +ers (V) + -+ O = Py, (x;v) + ePyg(z;v) + - . (4.1)

The inner solution v = ®(ey) ~ Av.(y), where v, satisfies (2.4) with far-field behavior (2.8), yields the following

matching condition for the outer solution ® as & — 0:

| |2 (e%). (4.2)

Upon substituting (4.1) into (1.2), and collecting O(e) terms in (1.2) and (4.2), we obtain that ®;, satisfies

ADig + XsP1s = —AsPos, z € Q\{O}7 b, eP, xe€0, (43&)
Oy, ~ Aﬁ’;"f as z—0; / &, Doedz = 0. (4.3b)
Q
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To determine A;; we apply Green’s second identity to the PDE’s (3.4) and (4.3) for ®g; and ®;5 over the region
O\B,,, where B, is a disk of radius 1 > 0 centered at £ = 0. By using the periodicity condition on 99, we derive

)‘15/ (I)(z)s dx = / ((I)lsan(I)Os - (I)Osanq)ls) dS, (44)
Q\B, 0B,

where the outward normal derivative 9, points into the disk B,,. Taking the limit 4 — 0% in (4.4), while using
Jo ®8sdz =1 and 0, = —0, with r = |2| = 1 on OB,,, we obtain that

2T

)\15 = lim ((I)OS@T<I>15 - @188T<I>05) /,LdS . (45)

pn—0 0 r=p

Since ®g; = —2m AG (), we use the local behavior as £ — 0 for G, in (3.6b), together with (4.3b) for ®,, to calculate
on r = u with p < 1 that

A . .
Oy, = AlOgM - 27TAR>\ + O(MZ log M) ’ arq)Os =—+ O(M 1Og /L) ) Dy ~ Apc ¢ ; arq)ls ~ _APCQe ;
7 1 7

(4.6)

where e = (cos#,sin#)”. Upon substituting (4.6) into (4.5), we use fozwpc-e df = 0 to conclude that ;s = 0. With

A1s = 0, we can write the problem (4.3) for @4 as
A(bls + )\05(1315 = ZWApCVmé(m), S Q, @15 € P, T E 89, / @15®03 der =0. (47)
Q

As such, for a general trap shape, we conclude that A\g ~ Ags + 0o(€).

Although it is challenging to explicitly determine the first non-vanishing correction to Ags; for an arbitrary trap
shape, we now show how to determine this eigenvalue correction for the special case where the trap €. is a disk of
radius €. For this trap shape, we have d. = 1, p, =0, ®1, = 0 from (4.7), and v, = log|y| for |y| > 1. The following

more refined result for the local behavior of G (x) as x — 0 is essential for the higher-order analysis below:

Lemma 1 In the limit x — 0, the Helmholtz Green’s function Gx(x), which satisfies (3.6), has the local behavior

Aos . Aoslia
8 + 4

1 Aos
Gy =——loglz|+ Rx + 0 |:1:|210g|.1:\—
2 8

- ) |.’l:|2 + ’anf + 2H 102129 + HQQSC% + 0(|$‘2) , (4.8)

where & = (x1,22)T. Here, H11, Hi2, and Hio are constants with Hiy + Hag = 0.
To derive (4.8) we use a dominant balance argument. For r = |z| < 1, we set
1
Gy = —2—logr+R,\+cor2 logr+clr2+7{(x), (4.9)
Y

in (3.6) to obtain after a short calculation that

Aos
AH 4+ AgsH = ( 20 — 4co> log r — (4¢y 4 4co + AosRa) — codost? logm — Agserr? . (4.10)
T

By eliminating the coefficients of the logarithmic and the constant term on the right-hand side of (4.10) we conclude
that cog = A\s/(87) and ¢; = —cg — AgsRa/4. With these choices, we obtain that AH + AosH = O(r?logr) as r — 0.
The most general solution for H with H = O(|z|?) as £ — 0 has the form H = H112? + 2H 122179 + Haozi + o(|z|?),
where Hi1 + Hao = 0. With ¢, ¢1, and H determined in this way, we obtain the local expansion (4.8) from (4.9). We
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remark that the coefficients Hy1, Hoo, and Hio are global quantities that depend on the particular lattice and their
values can not be determined from a local analysis.

For a circular trap of radius e, for which d. = 1, we recall from (3.7) that Ags is the smallest positive root of
Ry = (27r) loge (see (3.7)). By setting = ey and Ry = (2) !loge in (4.8), we readily derive in terms of the inner
variable |y| that

Gr ~ o tog ] + 20 (2 Loyl — W) + 1L (s — Ha) cos(20) + 2 polylsin20) . (411

8
where y = |y|(cos 0, sin0)7.

Next, we use (4.11) to perform a higher-order matching between the inner and outer expansions for the eigenfunction

for the case of a circular trap. We expand the eigenvalue and the eigenfunction in the outer region as
Ao ~ Aos(V) + €2 Xas (V) + -+ 5 ® = oy (2;v) + 2 Doy (z;0) + - - -, (4.12)
where &g, = =27 AG(z). In the inner region, we expand v(y) = ®(cy) as
u(y) = Ave(y) +*oi(y) +--- (4.13)
where v.(y) = logly|. We substitute (4.13) into (1.2), while using the coefficient of the O(¢?) term in (4.11) to
determine the far-field behavior of v (y). In this way, we obtain that vy satisfies
Ayvy = =XosAve(y), in |y >1; vy =0, on [y=1,

A)\Os 2 2 2 . (414)
v~ = (ly*log ly| — ly|?) —mAly|® [(H11 — Haz) cos(20) + Hiasin(20)] , as |y| — oo.

The exact solution to this problem is

A)\ s 1 .
v === (lylloglyl + 1 — [yl*) — 74 (IyI2 m |2) [(H11 — Hao) cos(26) + Hizsin(26)] - (4.15)
Letting |y| — oo in (4.15), and recalling the inner expansion (4.13), we obtain that there is an unmatched term
—£2ANs/4, which must be accounted for by the outer expansion (4.12). In this way, by substituting (4.12) into (1.2)

we conclude that ®,, satisfies

ADos + NgsPos = — Ao Pps , &€ Q\{O}, P, P, zT€ 89, (4.16&)
Ao
(I)Qs ~ — 40 as T — 0; / @25@05 dr =0. (416]3)
Q

Next, as similar to the derivation of (4.5), we obtain from Green’s identity applied to ®¢; and ®o, that

27

)\25 = lim (q)Osar(I)Qs - (I)Qsarq)()s)

J ) pds. (4.17)

=

By using (4.6) for ®gs on r = p < 1, together with the local behavior (4.16b) for ®5,, we readily calculate from (4.17)
that
Ao = , (4.18)

where A is given in (3.5). We summarize our result as follows:
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Principal Result 3 For ¢ — 0, the asymptotic expansion for the principal eigenvalue Mg for (1.2) for an arbitrary

oblique Bravais lattice, and with a circular trap of radius € centered at each of the lattice points, is

82)\08 2 -1
Ao ~ Aos + G3dr| +---. (4.19a)
87T Q

Here \os is the smallest positive Toot of Ry = (27)~1loge. By estimating the integral in (4.19a), we obtain the explicit
approximation

Ao = Aos + 27203 [1 — 6mvR, + (’)(1/2)] , with v =—-1/loge, (4.19b)

where R, is the reqular part of the periodic source-neutral Green’s function, as given in (2.2b) for an arbitrary Bravais

lattice.
To derive (4.19b) from (4.19a), we use the \gs < 1 approximation in the PDE (3.6) to readily calculate that

1
Gr=—1—+Gp+0(s), (4.20)
Os

where G, is the periodic source-neutral Green’s function satisfying (2.1), and given explicitly by (2.2). Since [, G, dx =
0, we obtain for \gs < 1 that

1 A IR
2 g = —— 1 that Os / 2 4 = 20s (1 —O(\2)) . 4.21
/QG)\ 2 )\%S +0(1), so tha - QG)\ x . ( (9()\03)) ( )

Finally, the explicit result (4.19b) is obtained by substituting Aos ~ 27v — 472 R,v?, as given in (2.3), into the last
relation in (4.21) where v = —1/loge.

4.1 Numerical Validation of Asymptotic Theory

In this sub-section we compare our asymptotic approximations for the fundamental eigenvalue of (1.2) for a circular
trap of radius ¢ centered at the lattice points with corresponding numerical results computed from FlexPDE [8]. The
FlexPDE computations are done in both a square and a regular hexagonal FWS cell with periodic boundary conditions.
Although it is straightforward to solve eigenvalue problems with FlexPDE [8], here we have the additional challenge
that version 6.50 of FlexPDE, which we are using, does not fully support multiple periodic boundary conditions.
Hence, care must be taken in imposing boundary conditions at the domain vertices to avoid mapping them to two
different points. To circumvent this difficulty, very small segments with homogeneous Neumann boundary conditions
must be added before and after each vertex. We chose the length of such segment to be p =~ 0.001, which results in a
very fine mesh at the corners (in addition to the region near the trap). For both the square and hexagonal lattices, and
for a few different radii of the circular traps, in Table 2 we give the asymptotic predictions based on the three-term
approximation from (2.3), the log-summed approximation from (3.7) and (3.11), and the improved approximation in
(4.19b) as obtained by including the first transcendentally small terms. The corresponding FlexPDE results are given
in the last column of Table 2. From this table, we observe a very close agreement between the FlexPDE results and
both the log-summed and improved approximation when ¢ is small. Even at the moderately large value ¢ = 0.1, the
error in using the improved approximation (4.19b) is only roughly 4.5%. In contrast, while the three-term result (2.3)
provides only a decent approximation when ¢ is very small, the agreement with the FlexPDE result is rather poor

when € = 0.1. These results show that from a simple Newton iteration based on (3.7) and (3.11) a rather accurate
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approximation for the principal eigenvalue can be achieved even for only moderately small e. We emphasize that
such approximation can be done for an arbitrary Bravais lattice. For ¢ = 0.05, in Fig. 5 we give contour plots of the

eigenfunction associated with the first eigenvalue in both the square (left panel) and the hexagonal (right panel) FWS

cells.
€ Lattice Asr Aos (4.19b) | Aon (FlexPDE)
0.01 | square | 1.8533 | 1.880026 | 1.880044 1.880017
0.02 | square | 2.3084 | 2.360634 | 2.360766 2.360776
0.03 | square | 2.6896 | 2.771263 | 2.771799 2.771913
0.05 | square | 3.3806 | 3.534722 | 3.536845 3.538754
0.10 | square | 5.0872 | 5.500804 | 5.522693 5.559822
0.01 | hexagon | 1.8586 | 1.887048 | 1.887078 1.887050
0.02 | hexagon | 2.3163 | 2.372161 | 2.372294 2.372306
0.03 | hexagon | 2.6999 | 2.787662 | 2.788101 2.788325
0.05 | hexagon | 3.3960 | 3.562928 | 3.565060 3.567066
0.10 | hexagon | 5.1173 | 5.577959 | 5.599959 5.639788

Table 2: Comparison of the three-term Ast result (see (2.3)), the log-summed approzimation Xos, the improved approximation
(4.19b) with a few transcendentally small terms, and the full numerical FlexPDE [8] result Aon for the principal eigenvalue of
(1.2). For the FlexPDE numerical computation we set the error tolerance to be 1 x 1075, which controls the number of successive
mesh refinement before providing the solution. The trap is circular with radius € and is centered at the origin of the FWS cell
for the lattice.

Lowest eigenfunction, & Lowest eigenfunction, £ = 0.05

0.6
15 1.2
: 0.4
1
0.2
o8 0.8
0.6 = 0 0.6
0.4 -0.2 0.4
0.2 -0.4 0.2
o] -0.6 o)
-0.5 0 0.5
I

Figure 5: Contour plot of the FlexPDE [S] numerically-computed eigenfunction corresponding to the principal eigenvalue of (1.2)
in the FWS cell given by the unit square (left panel) and the regular hexagon (right panel), each of unit area, for a square and
hexagonal lattice of traps, respectively. A circular trap of radius € = 0.05 is centered at the origin.

=

4.2 Numerical calculation of the logarithmic capacitance and dipole of a trap cluster

When the trap set € consists of a collection of m > 1 non-overlapping disks, the simple numerical approach of [11],
as inspired by the methodology introduced in [26], can be used to numerically estimate the logarithmic capacitance d.
and dipole vector p. from (2.4).

The approach of [26] is based on using a series solution to Laplace’s equation with unknown coefficients. By using
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a least-squares fit to the homogeneous Dirichlet condition on the boundary of each circular trap, the coefficients in the

series are then estimated numerically. In [11], v, was taken to have the form (see also equations (3.1) and (3.2) of [20])
ve(z) = —logd,. + z ejlog |z — ¢l + ZZ (ajk Re(z — ¢;)F + bjp Im(z — cj)*k> , (4.22)
j=1 j=1k=1

where we impose the additional condition that Zy;l e; = 1. In (4.22), z € C corresponds to the point y in complex
coordinates, ¢; € C is the center of the 4 trap in the cluster, and m is the number of traps in the cluster. The
real-valued constants logdi, €;, aji, and bji for j =1,...,m and £ = 1,...,n are determined so that the boundary
condition v. = 0 on each trap is satisfied in the sense of least-squares. By imposing v.(z) = 0 at 3n uniformly spaced
points on the boundary of each trap, a 3nm + 1 linear algebraic system of equations is obtained with (2nm + m + 1)
unknowns. The backslash command in MATLAB [18] is then used to numerically perform the least-squares fit. In our
computations below we show that n = 10 yields highly accurate results when compared with exact solutions that are
available for a two-trap cluster.

Next, we show how to identify an approximation to the dipole term in (2.4). For |z| > 1, we use the estimates

Re(zc; R Im(z
logle - | =logl+ — T £ O, Rele -y e T et T a2s)
in (4.22) to obtain for |z| > 1, with z = y; + iya, that
ve ~ logly| — I|);|:;/ s p. = Z (aj1 —e;Re(E;)) Z (bj1 —e;Im(g;)) | - (4.24)
Jj=1 Jj=1

In this way, p, is the numerical approximation to the dipole vector p, in (2.4).

Figure 6: Left panel: two circular traps each of unit radius in the inner region with center-to-center separation l.. Right panel:
a three-trap cluster with traps each of unit radius centered at (lc,0) and (—v/3l./2, £1./2).

We now use this simple numerical approach to approximate d. and p, for the two- and three-trap clusters of circular
traps of a common radius as shown in Fig. 6. For the two-trap case, where there are two lines of symmetry through the
origin, we conclude that p. = 0. By solving (2.4) using bipolar coordinates as in Appendix A of [15], the logarithmic
capacitance of a two-trap cluster having a center-to-center separation [, > 2 is
—kg

N () JE-a o
logdc—210g(lc 4) 2+kz::1kcosh(kﬁ),

B =cosh™ ' (l,/2) . (4.25)
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In Fig. 7 we compare the analytical result for d. for a two-trap cluster with the corresponding numerical result
computed from (4.22) on the range I, > 2 with n = 10. From the right panel of Fig. 7 we observe that the numerical
result predicts the analytical result for d. in (4.25) with high precision on the entire range I, > 2. For the two-trap

cluster, our numerical approximation in (4.24) for the dipole vector yields that |p,| ~ 10715,

-8
35 > <10
Exact

e Numerics > —

3l ] = 15
—
D
) <5

2.5 s
= =
—
2

2r ~ 0.5
==

1.5 (0]

2 4 6 8 10

le

Figure 7: Comparison of analytical and numerical result for d. versus l. for a two-trap cluster with disks of a common unit
radius in the inner coordinate. The right panel, showing the error in the approximation, indicates that the numerical result based
on (4.22) with n = 10 provides a highly accurate determination of d..

In Fig. 8 we plot the numerical approximation for d. and the x-component of the dipole vector p, for the three-trap
cluster shown in the right panel of Fig. 6 as [, > 1 is varied. Theoretically, since the three-trap cluster is symmetric
about the line yo = 0, it follows that the y-component p., of the dipole vector must vanish. Our numerical results

yield that p., ~ 10~'° on the range [, > 1.
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Figure 8: The numerical approximation, obtained from (4.22) and (4.24), for the logarithmic capacitance d. (left panel) and for
the x-component pey (right panel) of the dipole vector p, = (Pex, 0)T as l. > 1 is varied for the three-trap cluster shown in the
right panel of Fig. 6.

5 Discussion

The goal of this paper was to derive and numerically evaluate asymptotic approximations, of various accuracy, for the
principal eigenvalue of the Laplacian with a periodic arrangement of localized traps of spatial extent O(e) centered at

the lattice points of an arbitrary Bravais lattice in R2. In our analysis, the traps can either be isolated or within a
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trap cluster, and they are characterized by the logarithmic capacitance d. associated with the far-field behavior of the
canonical problem (2.4) defined near the trap set. We showed how to obtain accurate numerical solutions for d. when
the trap set consists of a collection of non-overlapping disks.

For ¢ — 0, in Principal Result 1 we derived a three-term approximation in powers of v = —1/log(ed,.) for this
principal eigenvalue. The lattice-dependent coefficients in this series were readily evaluated numerically using an
explicit formula in [6] for the source-neutral periodic Green’s function and its regular part. Next, we obtained a much
improved approximation for the principal eigenvalue, which captures all of the logarithmic terms in powers of v, from
applying a simple Newton iteration scheme to a transcendental equation involving the regular part of the periodic
Helmholtz Green’s function. For the viability of this approach, it was critical to extend the methodology of [2] to provide
a rapidly converging infinite series representation for the regular part of this Green’s function for an arbitrary Bravais
lattice. Based on comparisons of our approximations for the principal eigenvalue with corresponding full numerical
results from the PDE eigenvalue problem, we showed that while the three-term asymptotic approximation agrees
well with the numerical result only for a rather small trap radius, the asymptotic result based on the transcendental
equation provides a highly accurate prediction of the principal eigenvalue even for only a moderately small trap radius.

Finally, we remark that the transcendental equation (3.7) for the log-summed approximation to the principal
eigenvalue of the Laplacian still applies for other types of defects, but with a different expression for d.. As an
illustration of this, suppose that the hole in (1.2) is replaced by a localized compactly-supported piecewise-constant

potential centered at the lattice points, so that in the FWS cell we have the following eigenvalue problem with € <« 1:

_ _ 0 p>1
AD+ AN+ W e tz|) =0, zeQ; deP, zed; Wp)=< " ’ 5.1
( ) W=ty 02 e
where Wy is a constant. The corresponding radially symmetric inner problem, which replaces (2.4), is now
v o+ W(pve =0, p>0; ve =logp—logd. +o(l), as p— o0o. (5.2)

The constant d, in (5.2) is readily calculated from the explicit solution to (5.2) by imposing C! continuity of v, across

p = 1. In this way, we obtain that the transcendental equation (3.7) still holds, but where d. is now given by

Jo(\/vo) IO(\/W)

logd, = —————+—F—=, for 0<V0<z2; logd, = ———n¥—72 |
VI Jo(VIh) ’ VIVl (\/IVol)

Here Jy(z) and I(z) are the Bessel and modified Bessel functions of the first kind of order zero, respectively, and zg

for V5 <O0. (5.3)

is the first positive root of J{(z) = 0. Vibration problems with strongly concentrated masses can be treated similarly.
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Appendices

A Formulation on the fundamental Wigner Seitz cell

In this appendix, we provide a more refined description of the FWS cell, as was discussed in §2.2 of [10]. For a general

Bravais lattice, there are eight nearest neighbor lattice points to £ = 0 given by the set
P={ml +nly| me{0,1,-1}, ne {0,1,-1}, (m,n) #0}. (A.4)

For each (vector) point P; € P, for i = 1,...,8, the Bragg line L; is defined as the line that crosses the point P;/2
orthogonally to P;. The unit outer normal to L; is labeled by 1, = P;/|P;|. The convex hull generated by these Bragg
lines is the FWS cell Q. Specifically, for the hexagonal lattice (1.1) its boundary 952 is the union of exactly six Bragg
lines, while for a square lattice the boundary of 0 consists of four Bragg lines. Generically, for an oblique Bravais
lattice, 02 is the union of six Bragg lines. The centers of the Bragg lines generating 92 are re-indexed as P;/2 for
t=1,...,L, where L € {4,6}. The boundary 99 of Q2 is the union of the re-indexed Bragg lines L; for i = 1,..., L.
The boundary 0f2 is then parameterized segment-wise as

90 = {er{%wﬁ} —t;<t<t;, i=1,....L, Le {4,6}}. (A.5)
Here 2t; is the length of L;, while n;- is the direction perpendicular to P;, which is, therefore, tangent to L;. From
this construction, it follows that Bragg lines on 0{2 must come in pairs. In particular, if P is a neighbor of 0 and the

Bragg line crossing P/2 lies on 012, it follows by symmetry that the Bragg line crossing —P/2 must also lie on 9.

Figure 9: Schematic of the detailed construction of the FWS cell showing the three pairs of parallel Bragg lines for the specific
oblique lattice in Fig. 1. The trap (black circle) of measure O(e) is centered at the origin.

Next, we reformulate the PDE (3.6) for the periodic Helmholtz Green’s function Gy on R? to an equivalent PDE
on the FWS cell. This is done by imposing a boundary operator P on 0f) that incorporates the periodic condition in
(3.6). This equivalent PDE is

1
AGy + XsGr = —0(x), z€Q; GreP, =zecif; Ry = hH(l) (G,\(x)+2log|w|) . (A.6)
T— ™
In (A.6), the boundary operator is defined by
_ u(x1) _ u(Zi2) , ) , ) .
P= {u‘ ( N ) - ( Bton) ) . Ve €L, VemelL_;, i= 1,...,L/2}. (A7)
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Here L; and L_; denote two parallel Bragg lines on opposite sides of 9Q for ¢ = 1,...,L/2, while z;; € L; and
x;0 € L_; are any two opposing points on these Bragg lines. A schematic plot of the FWS cell showing the pairs of
Bragg lines for the particular oblique lattice of Fig. 1 is given in Fig. 9.

B The periodic Helmholtz Green’s function

In this appendix we outline the approach used in [2] for deriving (3.8). We begin by representing the solution to (3.6)

as the sum of free-space Green’s functions
Gr@) =) Grecl@+1), (B.1)
leA

which ensures that the periodicity condition in (3.6) is satisfied. Then, to analyze (B.1) we use the Poisson summation
formula which converts a sum over the Bravais lattice A to a sum over the reciprocal lattice A* of (3.9). In the notation

of [2], we have that this summation formula is given by (see Proposition 2.1 of [2])

S fla+) = ﬁ S ferd) e, geR?. (B.2)

leA deA*

Here |Q] is the area of the primitive cell of the lattice, while f is the Fourier transform of f, defined on R? by

for= [ t@e =i fe) = o5 [ iw)ereap. (3.3)

Upon applying (B.2) to (B.1) we obtain that the sum over the reciprocal lattice consists of free-space Green’s
functions in the Fourier domain. By taking the Fourier transform of the PDE AGfee + AosGrree = —0(2) for the
free-space Green’s function, we obtain that Ggee(P) = Gee(|p|), where

1

Gfree(p) = Ma

with p=p|, (B.4)

for p? # Aps. Then, from (B.2) and (B.1), and by using |Q2| = 1, we obtain that

eQ‘n-m:d

— - B.
47T2|d|2 - )\Os ( 5)

1 N .
Gk((v) = @ Z Gfree(27rd) eQﬂmz-d = Z

deA* deA*

In order to obtain a rapidly converging infinite series representation for G (), we introduce the decomposition
Giree(27d) = (27d, 1) Gieo(27d) + (1= a(27d, ) ) G (27d) (B.6)

where the function a(27d, n) is defined by

a(2nd, n) = exp <—[4ﬂ-2|dl722_/\08]> . (B.7)

Here 7 > 0 is a real-valued cutoff parameter. When 472|d|? > )\, we readily calculate that

lim a(27d, 1) = 0; lim a(27d,n) =1.
n—0 n—00
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With this choice for a, the sum over d € A* in (B.5) of the first set of terms in (B.6), as labeled by

2|d|? — 2miz-d
Gfourier(x) = Z exp (_ [47‘— |d| AOS]) e (BS)

2 2|42 — ’
dens n 4 |d| )\05

converges absolutely when \os # 472|d|? for any d € A*.
Next, we calculate the lattice sum in (B.5) over the second set of terms in (B.6) by using the inverse transform

(B.3) after first writing (1 — ) Ggee as an integral. To do so, we define p = 2xd|, so that from (B.7) and (B.4)

(1 — a(27d,n)) Grree(2nd) = ! (1 — exp (—M» =x(p) = /loo 9 (PP d0a) ™ =25 g (BLg)

p? — Aos n? ogn

In recognizing the middle term in (B.9) as the integral ¥(p) we used the easily verified definite integral

oo Cas —(pz—AOS)€72S s=00 1 2 A
2/ @_(92_%5)6 -2s ds = S =———1|1—exp —u . (B.10)
| s=logn P2 — Aos U

ogmn P2 - )‘05
Next, we take the inverse Fourier transform of (B.9). To do so, we use two key facts. Firstly, the inverse Fourier

transform of a radially symmetric function f(p) is the inverse Hankel transform of order zero (cf. [21]), so that

fr)=(2m)~" 7 F(p) Jo(pr) pdp. Secondly, from [21], we recall the well-known inverse Hankel transform

e —2s 1 s
/ 67p26 2 /JJO(PT) dp _ 5 62577‘2 e? /4'
0

In this way, we calculate using the definition of x(p) in (B.9) that

1 e 1/ _ s =25 R 2,25
x(r)=o- | x(p) Jo(pr)pd/J:*/ O (/ e’ pJo(pr)dp) ds
™ Jo logn 0
_ i o] 6—25+A05672S 628_§ e2s ds — i o0 e_(% 625_>\Os 6—25) ds
2 logn 21 logn
In the notation of [2], we then define Fyng(|x|) as
1 [ — =2 25y Le 2
Fiing(z]) = o e ( * ’ ) ds. (B.11)
TJlogn

Therefore, by using the Poisson summation formula (B.2) to calculate lattice sum in (B.5) over the second set of terms
in (B.6), we obtain

Gipatial () = Fang(|2)) + D Fang(lz +1]) . (B.12)

leA

140
In summary, the periodic Helmholtz Green’s function in the spatial domain, satisfying (3.6), is Gx () = Gtourier (Z)+
Gspatial (), representing the sum of (B.8) and (B.12). In this way, we obtain the result given in (3.8). In terms of the
Ewald cut-off parameter 7, we observe from (B.8) that Geourier(Z) — 0 as 7 — 0, while from (B.12) and (B.11) we get

that Gspatial(x) — 0 asn— .
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C An alternative derivation for Fi,.(r) and its singular behavior

In this appendix we provide an alternative derivation of the singular behavior for Fyine(7) in (3.19) as  — 0. We begin
by balancing the two terms in the exponential in (3.8b) by defining s,,, by r2e?*m /4 = A\gse=2m. Then, in (3.8b), we

introduce the new variable ¢ defined by

t 1 4o
s:sm+§, where sm—4log( 7‘20() , (C.1)
so that (3.8b) becomes
1 > —r ; sin — 7727”
Fung(r) = 477/5 e~V ossinht gy where B =log <2\/)\T)s) . (C.2)

Next, we recall Schléaffi’s representation for the Bessel function of the second kind of order zero, Yy(z), as given for

x> 0 by (cf. [19])
Yo(z) = l/ sin (zsint) dt — g/ e~ wsinht gy (C.3)
0 0

™ ™

Setting x = v/ Ags7 in (C.3), we use (C.3) to write (C.2) as

Fiing(1) = _é}/() (T\/E) + 8%/0 sin (r\/T()Ssint) dt+ J, where J

Next, since 8 — —oo as r — 07, while sinht — —o0 as t — —o0, it follows that J is unbounded as r — 0. To analyze

1 /0 —
—/ e~ TVAossinht gy (C.4)
471' I

the singular behavior of J, we introduce the new variable s by s = sinh¢/sinh 8 in the integrand to obtain that

1 1 T . 1 _ —rsvXossinh
Faing(r) = _§YO (r\/)\08> + —/O sin (T\/)\os sin t) dt +.J, where = _mgn(ﬂ) €

ds. (
87 am 0 V/s2+ csch?f

C.5)

Next, we use (C.2) for 8 to calculate

. )\Os 772T )\Os
sinh 8 = — + ~ — as r— 0T, C.6
’ UM VAT nr (©0)
In this way, and by using sign() = —1, we obtain for r < 1 that
1 1 es,\gs/n2 7“772
Jr~— | ———=ds, where = . (C.7)
am Jo /82 4 p2 Vv Aos

We then add and subtract a term in (C.7) as

(C.8)

1 (63)\05/772 _ 1) 1
JNL/ —ds+i/ S
47‘( 0 /82+M2 47r 0 /82+M2 ?

so that the first integral is now convergent as y — 0, corresponding to r — 07. Moreover, the second integral in (C.8)

can be evaluated explicitly. This yields that

)\03/772_
1 1 (e® 1 1 2 1
et [ ()
4T J, s 4 " u /o
(C.9)

1o (e ) 1 1
A " A P —log (14 VT+42) .

47 S
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By using u = r?/y/Ags in the last line of (C.9), and by changing variables in the integral, we conclude that

1 ro/7 (5 — 1) 1 1
:7/ ——~ds— —logr+ — [log(\/)\OS)—Qlogn+log2 +o(1), as r—07". (C.10)
ar Jo s 4m 4m

Then, we let r — 0 in (C.5) while using (C.10) together with the well-known asymptotics Yy(z) ~ 2 [log z + 7. — log 2]
as z — 07 and [ sin (v Agsrsint) dt = O(r) as r — 0. This yields that Fing(r) = —(27) ! logr + Fieg + o(1) as
r — 0, where

)\05/7]2 (68 _ 1)

S

1 1
Freg = E(IOgZL_'Ve_legn)'i_i/O

. A1
g ds (C.11)

This result for Fi.; agrees with that in (3.11b), while the exact result for Fying(r) in (C.5) provides an alternative to

that in (3.11c).
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